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Abstract 

, In this paper we study the asymptotic behaviour of one- dimensional integrated Ornstein-Uhlenbeck 

processes driven by a-stable Levy processes of small amplitude. We prove that the integrated Ornstein- 
Uhlenbeck process converges weakly to the underlying a-stable Levy process in the Skorokhod Mi- 
topology which secures the weak convergence of first passage times. This result follows from a more 
general result about approximations of an arbitrary Levy process by continuous integrated Ornstein- 
Uhlenbeck processes in the Mi-topology. 
> ■ 
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i/^ ■ 1 Introduction 

O ' 

£N| ■ Consider a dimcntionlcss Langcvin equation of motion of a particle with a position x subject to a linear 

friction force F = —Av, A > 0, (Stokes' friction) and a random noise I of a small amplitude e > 



-Ax + eL (1.1) 



Denoting by v := x the velocity process, we understand this equation as a two-dimensional equation in a 
phase space (v, x) which can be written in the integral form as 

x t = x + \ v s ds, 

(1-2) 

vt = Vq — A v s ds + sl t , t > 0, xq,vq e E, 
Jo 

The study the dynamics of x and v in the Gaussian case, i.e. when I = b is a standard Brownian motion, 
has a long history. In this case, the velocity process v is a well-known Ornstein-Unlenbeck (OU) process, 
and the displacement process x, being the integrated Ornstein-Unlenbeck process, is often referred to as 
Langevin's Brownian motion. For example it ts well known that for zero initial conditions xq = vq = 0, 
strong friction and large amplitude, A = e —* +oo, the displacement process x can be considered as a good 
physical approximation of the Brownian motion (see e.g. Chapter 2 in Horsthemke and Lefever |16j). Other 
applications of integrated Ornstein-Unlenbeck processes can be found in Tory and Pickard [31] (models of 
scdimintation) , Taylor et al. [33J (desease spread models), Lemons and Kaufman [5D] and Hou et al. [T7] 
(physics of plasma, two and three dimensional setting), Smith |32[ 13 1] (models of information accumulation 
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in decision-making) etc. A special attention was paid to the study of first passage problems of the integrated 
Ornstein-Unlenbeck process, see Lefebvre [TH] and Hesse [T5] . 

The dynamics of the integrated OU processes driven by non-Gaussian Levy processes attracted attention 
recently in financial mathematics in the context of stochastic volatility models, see Barndorff-Nielsen [4] 
and Barndorff-Nielsen and Shephard [3]. Garbaczewski and Olkiewicz [T3] studied integrated OU processes 
driven by a 1-stable (Cauchy) process. Al-Talibi et al. [T] established convergence in probability of a marginal 
distribution of an integrated OU process driven by an a-stable Levy process in the limit of large friction 
parameter. Chechkin et al. [5] studied the equation (|1.1[) (with e = 1, in two- and three-dimensional setting) 
in a model of plasma in an external constant magnetic field and a-stable Levy electric forcing. 

Our present research is mainly motivated by this paper and focuses on the first passage times of the 
displacement process x in the limit of small amplitude e — > under the assumption that the driving process 
I is a non-Gaussian a-stable Levy process. 

Let us briefly outline the course of action of the paper. First we shall show that on a certain e-dependent 
time scale the integrated OU process Ax weakly converges to the driving process / in the sense of finite 
dimensional distributions. Further we have to establish a stronger convergence of the processes in an appro- 
priate topology. We notice that since the driving a-stable Levy process has cadlag paths and the integrated 
Ornstein-Unlenbeck process is absolutely continuous, no convergence in the uniform topology or in the Sko- 
rohod Ji topology is possible. Thus we prove the convergence in the weaker Skorohod Mi-topology which 
is still strong enough to ensure the continuity of the running suprcmum or the inverse function of a process, 
and to guarantee the convergence of the first passage times. As a by-product we obtain an approximation 
result for an arbitrary Levy process by absolutely continuous integrated OU processes in the Mi-topology. 



2 Object of study and main result 

Let (f2, T, F,P) be a filtered probability space satisfying the usual conditions. On this probability space 
consider a Levy process I with cadlag paths and a Levy-Khinchinc representation 

Ee m( t = e **(«) j 

(2.1) 



2 r 

*(«) = -TT" 2 + + U uy - 1 - v{Ay) ) , 

Jr\{oj v 



u e . 



with c > 0, fie 1 and a jump measure v satisfying the conditions ^({0}) = and $ ffi \{ }(y 2 A -0 v (Av) < 00 • ^ n 

particular we shall be interested in non-Gaussian stricktly a-stable Levy processes = (4 )t>0i a e (0, 2), 
for which closed-form representation of the characteristic exponent ^ is known to be equal to 

{/ 7ra \ 

c\u\ a 1 - i/3 sgn(u) tan — , a 1, 
( 2 x 2 (2-2) 

c\u\ \1 + sgn(ii) lnuj , a = 1, 

c > and (3 e [—1,1] being a scale and skewness parameters. This representation (|2.2|) corresponds to the 
Gaussian variance a 2 = 0, the Levy measure 

^( d y) = ( uji+a I (-°°.o)(2 / ) + ^TT^(o,+oo) (v)j d y. c_,c+ Ss 0, c_ + c+ > 0, (2.3) 



and the drift 



a ^ 1, 



' (2.4) 
-CEuier(c+ — c_), a = 1, CEuier = 0.577 . . . the Eulcr constant. 



The parameters c and j3 in (|2.2p are related to c+ and \i in (|2.3[) and (|2.4|) by the formulae 



(3 = + and 
c_ + c + 



,r(2 — a) /7ra\ 

c_ + c+)— -cos — , a#l, 

'a(l-a) V 2 J (2.5) 



7T 

-(c_ + c+), a=l 
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For A > and e > consider a linear stochastic diferential equation for the velocity if = (i>f)t>o driven 
by a Levy process I 

v% = v -A \ v s s ds + el t , v eR. (2.6) 
Jo 

as well as the displacement process 



x\ = x + f v e s ds, x e E. (2.7) 
Jo 

The equation (|2.6p can be understood as a stochastic differential equation in the Ito sense. For any vq g R, 
any xq e R and Levy process ^ (and in particular an a-stable Levy process) there exists a pathwise unique 
strong solution 



v e 



-Ai 



+ e [ c~ A(t ~ s) dl s (2. 
Jo 



where the last integral is understood as a stochastic Ito integral. It is also possible to solve the equation 
(|2.6[) pathwise. Indeed, since a Levy process is a semimartingale with a well-defined p-variation for p > 2, 
the integral of a smooth function t >— > e~ At w.r.t. I is well defined pathwise as a limit of Riemannian sums, 
e.g. see Section 5.1 in Mikosch and Norvaisa [22] for details. It is helpful to recall another representation of 
v £ which is obtained with the help of integration by parts, namely 



e- At +el t -e[ e- A(t ~ s) l s ds. (2.9) 
Jo 



It is clear, that the process v £ is also cadlag and its jumps coincide with the jumps of the driving process el. 

The equation (|2.7p for the displacement process x e can be also solved explicitely. Applying the Fubini 
theorem we obtain 



x\ = x + \ v £ s ds = x + \ v e As + e \ e A( - s u) dl u ds 
Jo Jo L Jo J 

= x + ^(1 - e-^ 4 ) + e£ [ J* e - A (-«) ds] dl u (2.10) 
= x +^(l- ^) + L £ (i - e^(*"«)) dl u . 

From now on we set the initial conditions Xq = v = 0. At the end of the Section [3] we discuss the 
generalization of the results to the case of arbitrary initial conditions. 

The main goal of this paper is to study the asymptotics of the first passage times of the process x £ in the 
limit e — > 0. More precisely, for some level a > we study the law of the stopping times 

T a (x £ ) = wf{t Ss 0: x £ > a}. (2.11) 

The asymptotics of the first passage time can be determined especially simply in the case of an integrated 
OU process driven by a standard Brownian motion I = b, that is a 2-stable continuous Levy process with 
the characteristic exponent fy(u) = —u 2 /2, «el. 

Consider the space C([0, co), R) of real- valued continuous functions and equip it with a uniform metric 

J -00 
e _T (l a du_T(x, %')) dT, 
o (2.12) 
du,r(x,x') := sup \x t — x' t \, x, x' 6 C([0, oo)), T > 0, 

te[0,T] 

to obtain a separable metric space. A sequence of continuous stochastic processes x n , n ^ 1, converges to 
a stochastic process x weakly in the metric space C([0, oo), R; du) if and only if x n converges to x weakly, 
x n => x, in the metric space C([0, T], R; djj.T) for any T > 0. 

The following result is well known and is presented here for the sake of completeness. 
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Proposition 2.1 Let I = b = (b t )t^o be a standard Brownian motion, and let x £ be the integrated OU 
process satisfying the equations (|2.6p and (|2.7p with zero initial conditions. Then 



(Ax e t ) t>0 => (bt)t^o in C([0, co),R; du)- 
Proof: According to (|2.10|) The process Ax £ is found explicitely as 

Ax e t = £ f (1 -c~ A ^~ s ^)db s . 
Jo 



(2.13) 



(2.14) 



Applying the time change t >— > -ij and using the self-similarity of a Brownian motion, Law(£ _1 & t/ / e 2 , t ^ 0) = 
Law(6t,i 3= 0), we obtain that for any e > the law of the process (Ax £ ^ 2 )t^o coinsides with the law of a 
process AX 6 



AXf 



Jo 



1-e" 



r(*-«) 



)dB S) 



(2.15) 



B being a standard Brownian motion. The weak convergence of (Ax £ ^ £2 )t^>o =*■ & w iH follow from the 
convergence in probability d(j(AX e , B) — » 0. Let T > and A > be arbitrary and fixed. We show that 



lim P sup |,4A t e - S t | > A J = lim P( sup 

^te[0,T] ' Me[0,T] 



£ 

Jo 



r(t-s) 



dB f 



> A = 0. 



(2.16) 



The integral w.r.t. B in the last formula is an OU process driven by B with a friction parameter Once 
more, with the help of the time change t >— > we get that 



P( sup 

1 ie[0,T] 



1' 

Jo 



> A) = P( sup \Ut\ > A 
te[o,4-T] 



where [/ e is an Ornstein-Uhlenbeck process with small noise satisfying the SDE 

dU £ = -U £ dt + dB t , = 0. 

v ^4 



(2.17) 



(2.18) 



Due to the Freidlin-Wentzell theory (see e.g. Theorem in 5.7.11 (a) in Dembo and Zeitouni [IT]) the first 
exit time a&(U £ ) of U £ from the interval [—A, A] satisfies for any 6 > 



lim P ( c 

e^O 



A A +5 \ 

< o-a(U £ ) < = 1. 



(2.19) 



Choosing S e (0, A A 2 ) and taking into account that e ^ > -4- T for e small enough we obtain that 



lim Pf sup \U t £ \ > A) = lim P(a A (U £ ) s£ 4rT) = 0. 



(2.20) 



It is clear that the law of the first passage time T a (x £ ) is determined with the help of the running 
suprcmum of the process x £ , 

SI := sup x £ s , t>0, (2 2D 

se[0,t] v ' ' 

namely P(r a ^ t) = P(S £ ^ a). Since the running supremum of a continuous process is a continuous 
mapping in C([0, oo), K; djj) we obtain the convergence in law of the first passage times. 



Corollary 2.1 For any a > 



£ 2 T a (x £ ) — » tsl (b) as £ -» 0. 



(2.22) 
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The probability density of the first passage time t« (b) is well known, 

If the driving Levy process 1 = 1^ is a-stable and non-Gaussian, the situation becomes more complicated. 
Consider the space -D([0, oo),R) of real valued cadlag functions. We shall see in Proposition 13.11 that Ax £ 
converges to /( Q ) in the sense of finite-dimensional distributions whereas the solution of the Langevin equation 
(|2.6[) v £ is a cadlag process, and the integrated OU process x £ is absolutely continuous. Thus no weak 
convergence in the metric space D([0, oo), R; dy) is possible. 

In his semial paper )30j . Skorohod inroduced four weaker metrics on the space D([0,oo),R) different from 
the uniform metric djj. The most frequently used topology J\ is designed to match the jump times and 
sizes of the processes x n and the limit x does not fit our setting. Thus we shall prove convergence in a 
weaker Mi-topology, which is still strong enough to guarantee the contunuity of the supremum, and thus 
the covergence of the first passage times. The Mi-topology is not used very often. Besides the paper by [30] 
by Skorohod, further theory and applications of Mi -convergence can be found in Avram and Taqqu OH], 
Puhalskii and Whitt [IS], Whitt [35], Pang and Whitt g3J, Louhichi and Rio [3T], Basrak et al [5] and in 
references therein. 

First we recall the necessary facts about the space -D([0, oo),R) with a non-uniform topology M\. For 
any T > consider the space D([0,T],R) of real-valued cadlag functions defined on [0,T]. For any function 
x e D([0,T],R) define a completed graph T x as a set 

T x := {(> ,0)} u {(z,t) El x (0,T]: z = cx t _ + (1 - c)x t for some c, c £ [0,1]}. (2.24) 

The completed graph is a subset in R 2 containing the graph of x as well as the line segments connecting the 
points of discontinuity (xt-,t) and (xt,t). 

On a completed graph we introduce an order saying that (z,t) ^ (z' ', t') if either t < t' or t = t' and 
\xt- — z\ < \xt— — z'\. A parametric representation of the graph is a continuous mapping (z Ul t u ) : [0, 1] — > 
T x , which in nondecreasing w.r.t. order on the completed graph. Denoting H x the set of all parametric 
representations of the graph T x , we define the Skorokhod Mi metric on £>([0,T],R) by 



dM u T{x,x') := inf max {\z u - z' u \, \t u - t' u \}, 



c.J)Si., „eo,i] U (2.25) 

and the metric on D([0, oo), R) by 

d Ml (x,x') := J e- T (l a d MuT {x,x')) dT, (2.26) 

see Whitt [35] Sections 3.3, 12.3 and 12.9]. The space D([0,T],M.;dM 1 ) is Polish. A sequence of cadlag 
stochastic processes x n , n 5= 1, converges to a stochastic process x weakly in the metric space -D([0, oo), R; djvfi) 
if and only if the restrictions of x n on [0, T] converge to a restriction of x weakly in the metric space 
D([0,T],R;d Ml ,T) for all T > being the points of continuity of x, see Whitt [35] Theorem 12.9.3] . 
The main result of this paper is the following convergence result. 

Theorem 2.1 Let = {l[ a) ) t ^ be an a-stable Levy process, a e (0,2) and let x £ be the integrated OU 
process satisfying the equations ()2.6|) and (|2.7j) with zero initial conditions. Then 



as e 



(Ax £ A ^(l { t a) ) t > Q inD([0,oo),R;d Ml ) (2.27) 



The convergence of the first passage times follows immediately. Let l^ a > be an a-stable process with 

3 consider the first passage time 

T a (x e ) = m£{t =s 0: x\ > a}. (2.28) 



limsup^rp l[ a ^ = +oo a.s. For any a > consider the first passage time 
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Corollary 2.2 Let be an a-stable process with limsup^oo l t = +00 a.s. Then for any a > 

e a T a {x^)±T^) (2.29) 

Proof: As in Corollary 12.11 we define the first exit time with the help of the running suprcmum S% := 
sup se [ t] x ti t ^ 0, and the inverse function 7 t e := inf{s ^ 0: S £ s > <}, t ^ 0. Under condition xq = vq = 0, 
the inverse function is continuous in the Mi-topology (Puhalskii and Whitt [26], Lemma 2.1), and the 
continuous mapping theorem yields the result. ■ 

Opposite to the Brownian case, the laws of the first passage times r a {l^) of an a-stable Levy process 
are often not known explicitly. We refer the reader to the works by Getoor [TJ , Blumcnthal et al. [5] , Port 
[25], Bertoin [7J, Rogers [27], Chechkin et al. [TD], Joulin [TS], Peskir [23], Doney and Savov [T2], Simon [29] . 
and references therein for various results on this topic. 

The rest of the paper is organized as follows. Since the a-stable case will be studied with the help of 
an appropriate time change, which tranfers the small noise amplitude to the big friction parameter of the 
OU processs, we will study the Mi-convergence of continuous integrated OU processes to the driving Levy 
process. These results can be of its own interest. Finally we prove the Theorem 12.11 and discuss the case of 
arbitrary initial conditions. 



3 Absolutely continuous aproximations of Levy processes in M\ 
topology and the proof of the main result 

Let I be a real valued Levy process with a characteristic exponent 

2 r 

*(«) = + iM + U uy - 1 - v(dy) (3.1) 

1 Jr\{o} v ' 

with a ^ 0, /i e 1 and v being a jump measure satisfying ^({0}) = 0, J R \| }(2/ 2 a 1) v(&y) < 00. For A > 
and 7 > we study the system of stochastic differential equations 

V?=- 7 A f V?ds + Lt, (3.2) 
Jo 

A7 = 7 [Vd S . (3.3) 
Jo 

We prove the following approximation result. 
Theorem 3.1 

AX' 1 5. L in D([0,oo),R;d Ml ) as 7 ->■ 00. (3.4) 

The proof of this statement as always consists of two parts. We shall prove the convergence of finite 
dimensional distributions of AX 1 to L in probability as well as the tightness of the probability laws of the 
processes {AA" 7 } 75 , - 

We start with a proof of convergence of finite dimensional distributions of AX 1 . 

Proposition 3.1 For any m > 1 and < t\ < ■ ■ ■ < t m < 00 

{AXl,...,AX^ £ (L tl ,...,L tm ), 7-oo. (3.5) 
Proof: With the help of the formulae (|2.8|) and (|2.10[) solve the Langevin equation (|3.2[) and (|3.3[) explicitly: 

V? = jV^'-^dis, AX? = J* (l - e-^('- s )) dL s . (3.6) 
It is clear that the processes AX 1 and V 1 start at the origin, AXq = Vq = Lq = 0. 
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For m > 1 fix the time instants = to < t\ < ■ ■ ■ < t m < oo and real numbers uq, u\, . . . , u m and consider 
the characteristic function 

Ecxp (i £ u k {AXl - L tk )) = Ecxp ( - i £ u k \ C ^ A ^~ S ) dL s ). (3.7) 

fc = k=l ^° 

We represent the sum in the last exponent as a sum of independent random variables 

I n 

Y,u k {AXl-L tk ) 

k=1 (3 8) 

= - Y u k \ e^M**-') dL s -^«J e -7Mt k s) dLs Um \ e -jA(t m -s) dLs _ 

fe=l J ° k = 2 J *i Jt — 1 

and show that the characteristic function of every summand converges to 1 as 7 — > 00. Fix an index 
3i 1 ^ j ^ m - Then by a well-known formula for charachteristic functions of integrals of deterministic 
functions w.r.t. a Levy process we obtain 

lnEexpf-i^uJ e-^- s 'dL s )= * f _ £ Ufce -^~ s >) ds (3.9) 
For brevity we denote the argument 
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(«):=- j "fce" 7 ^**"* 5 . (3.10) 



and u* = 2^=1 Kl < 00 • Since < e^*" 8 ) < 1, < s < t, \u]{s)\ < £™ =j |u fc | < u*, 1 < j s£ m. The 
exponent vf^it) is continuous and bounded on [— u*,u*]. On each of the intervals [tj—i,tj), 1 < j < m we 
determine the pointwise limit of ^(it^s)) as 7 — ► 00, namely 

lim *(uj(s)) = *(0) = 0, (3.11) 
and pass to the limit with help of the Lebesgue dominated convergence theorem: 

lim p *( u J( s ))ds= p *(0)ds = 0. (3.12) 

This means, that 

(AXZ,AXl,...,AXZ i )Z(Lv,L tl ,...,L tm ), 7 - ». (3.13) 

■ 

Having proven the convergence of finite dimensional distributions it is left to prove the tightness of the 
family of probability laws of processes AX 1 , 7 > in the space D([0, 00), R; ^mJ- 

First with the help of the Levy-Ito decomposition we represent L as a sum of a continuous Brownian 
motion aB and a purely jump Levy process with constant drift Z = L — aB with constant drift, L = aB + Z. 

Due to the linearity of the Langevin equation we represent the solution V 1 as a sum 

V? =a[ dB s + f e -^(*- s ) dZ Sl (3.14) 

Jo Jo 

and consequently the process AX 1 as a sum of continuous processes 

AXJ = AXl B + AXl z := a f (1 - c -^ (t - s) ) dB s + f (1 - e^'" 8 ') dZ s (3.15) 

Jo Jo 

To prove the Mi-convergence of X 1 against L we use the Mi-continuity of the addition. Indeed, we 
show that the first summand converges to oB whereas the second summand converges to Z . Since oB and 
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Z have no common discontinuities, due to the Corollary 12.7.1 in Whitt [35J it is sufficient to prove the 
Mi -convergence of the process for each of the summands separately. Moreover, since the limiting process B 
is continuous, the M\ convergence coincides with the convergence in the supremum norm. 

A convenient tightness condition can be formulated with the help of the appropriate oscillation function. 
For x,y eM. denote the segment [i,!/]:= {zel:z=i + c(y — x), c e [0, 1]}. For the convergence in d,M lt T 
metric we introduce the corresponding oscillation function M: K 3 — > [0,co), 

\ j min{|x - ari|, |ar 2 - x\}, if x $ \x x , ar 2 ], , . 

M{xi,x,x 2 ) := < (3.16) 
[ 0, xe [xi.aftj. 

In other words, M (xi, x, x 2 ) is the euclidean distance between the point x and the segment [xi,X2]. 
Now we can describe the tightness of {AX~ t ' Z } J ^ a in D([0, oo), R; d^J. 

Proposition 3.2 1. For every T > and K > 

lim supP( sup \AX^ Z \ > k) = ( 3 .1 7 ) 

2. For every T > and A > 

limlimsupPf sup M{AXjf , AX^ Z , AX^f) > a) = 0, /„ 1R x 

t 2 -ti«S 

t/iat is i/ie sequence {AX 1,z } 1 ^,q of continuous stochastic processes is tight in D([0,oo),R;ciMi)- 

Proof: The conditions 1 and 2 of the Proposition are indeed the conditions for tighness, see the original 
paper by Skorokhod [30] or Chapter 12 in Whitt [35]. Without loss of generality we assume that A = 1. Let 
T > be fixed. 

1. We use the integration by parts (compare with (|2.9[1 ) to obtain 

z = Z t - f e-~< {t - s) Z s ds. (3.19) 
Jo 

Thus for any 7 5= we obtain the estimate 

sup \X2' Z \< sup \Z t \+ sup \Z t \ sup f e-T (t - s) ds < (T + 1) sup \Z t \, (3.20) 

te[0,T] te[0,T] te[0,T] te[0,T] Jo te[0,T] 

so that the condition (|3.17p holds true. 

2. We prove the estimate (|3.18j) . Let A e (0,1] be fixed. We show that for any 9 > there is 
<^o = So(A,0,T) such that for any 6 e (0, So] there is 70 = jo(8, A,9,T) such that for all 7 > 70 the 
inequality 

P( sup M(XZ Z ,X?' Z ,XZ Z )>A)<8 (321) 
holds true. The proof will consist of three steps. 

Step 1. Reduction to a compound Poisson process with drift. First, we decompose Z into a sum 
of a martingale with bounded jumps and small variance and a compound Poisson process with drift. 
Let a = o(A, 0, T) e (0, 1] be such that u({a}) = v({-a}) = and 

4T 
A" 



A", 



For this a, denote 



f 6 

y 2 u(dy)^-. (3.22) 

J{M«d 4 

Ma := M- zMdy) (3.23) 

Ja^lylsSl 
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and consider the processes 

Vt ■= J] AZ S I(\AZ S \ 3* a) + [L a t and £ t := Z t - rj t . (3.24) 

The processes £ and r\ are stochastically independent Levy processes with the Levy-Khintchinc representa- 
tions 

E e iu?I = exp ( - f (e iuy - 1 - my) v(dy)) , 

J f { '^ } 1 (3.25) 

E e™" 1 = exp ( - (e iu y - 1) u(dy)) + i/O . 

v J{\y>a} 1 ' 

Moreover, Z = £ + 77, 77 is a compound Poisson process with drift and £ is a zero mean martingale with 
the variance E£j = t Liyi <a i J/ 2 ^(dy)- Due to the linearity of equations (|3.2[) and (|3.3[) . we obtain the 
representation 

with 

= f (1 - e-T(*-)) d£ s , X™ = f (1 - e -***->) d?7 s . (3.27) 
Jo Jo 

Denote the event 

E e := L: sup |X t 7 '«| < -}. (3.28) 

l te[0,T] 4 j 

With the help of the Doob inequality applied to the martingale X 7 '^ we obtain for all 7 > 



Thus for all ui e E^ and for all 7 3* the inequality 



(3.29) 



sup LY^-Jf^K sup (3.30) 

te[0,T] te[0,T] 4 



holds true which implies that for all 7 3= and Osgti < t < t<i T 

m(x?; z , xi\ xif) m(x™, x™, x™) 

Step 2. Local extrema of X 7 ' v 

There exists a level z = z(a, 9, T) > such that for the event 

z 



the inequality 



< j. (3.31) 



E n := sup |77t| - (3.32) 



P(^) *s i (3.33) 

holds. In particular this implies that for uj e E n the jump sizes of 77 do not exeed z in absolute value, that 
is sup 48 [Q T j |A77 t (w)| ^ z. The process 77 has the finite jump intensity 

Pa = v{dy) < co. (3.34) 

J\y\»a 

For the Levy process r\ consider its counting jump process TV = (N t ) t ^o which is a Poisson process with 
intensity j3 a . Denote by {rk}k^o the sequence arrival times of 77, tq = 0, and by {Jk}k^0y Jo = 0, the 
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sequence of its jump sizes, Jj~ := i] Tk — f) Tk -. It is easy to see that the process JT 7,I? has the following 
pathwise representation: 



fe=0 



-7(t-T fc ) 



+ Ha [ t - 



1 - C~ 7< 



t S* 0. 



We choose to* e N such that 



P(iV T < m*) > 1 - -. 



(3.35) 



(3.36) 



Further, for k > and m = 0, . . . , to* consider the events 
C := {u:N T = 0}, 

C m '■= {w : Nt = to} n {cj : Tfc — Tfc_i ^ 2k for fc = 1, . . . , to, and T — T m ^ 2k}, 1 < m < to 4 

m* 

C := {iV T < to*}. 

m = 



(3.37) 



It is well known (see e.g. Proposition 3.4 in Sato |28j ) that under condition {Nt = to}, the jump times 
n, . . . , r m are distributed on the interval [0, T] with the probability law of the order statistics obtained from 
to samples of the uniform distribution on [0, T]. Thus we are able to choose kq = kq(8, A, T, to*) > small 
enough, such that 

P(C)>1-^. (3.38) 
For a fixed to = 0, ... , to* consider oj e E v n C m . It is easy to see from the representation (|3.35[) that 

1-e" 7 *- 



*7'» = 



7 



-), tE[0,7l(u)), 



3=1 

m 



+ yUa It - 



1 - e-T* 



fe=l 



-7(t-ffc(w)) 



1 - e" 7 * 
7 



J, t e [T fe _i(w),r fe (a;)), fc = 2,...,to 
), te[r k {u>),T]. 



(3.39) 

The process X' y,v has smooth paths on the intervals [r^-i, Tfc], fc = 1, . . . , to, and [r m , T]. We show that for 
7 large enough the paths of X 7,I? are either monotone on these intervals, or have at most one local extremum 
on each of the intervals. Indeed, X 1,TI is obviously monotone on t e [0, n a T]. 

Let now 1 < to < to*. For t e (rfc, r^+i), fc = 1, . . . , to — 1, and for t e (r m , T) consider the derivative of 
X 7 ^ w.r.t. i: 

d 



Y" 



-1 



-7(t-Tj) 



+ Ma (l-e- 7t ) 



3=1 
fe-1 



-7 2 Jje-Tf*- 7 "^ - 7Jfce- 7 ( 4 - r ^ + Mo (l - e" 7 ') 



(3.40) 



3 = 1 



-7(t— Tfc) 



l + |j^c- 7 ^^))+ MQ (l-e- 7t ). 



Taking into account that the jump sizes Jfc are bounded, | Jfc (w) | e [a, z] and the arrival times are separated by 
2«o, T~k — tj > 2(fc — j)Ko, 1 < j < k— 1, and T — r m 5= 2ko we can choose a non-random 7 TO = 7 TO (a, z, ko, m) 
such that for 7 5= 7™ the equation 



^X™ = -7J fc e- 7 < t -^) 



fc-i 



J 



3=1 



l+^e^J+Ml-e- 1 *)^ 



(3.41) 
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has at most one solution on each of the intervals (jk, Tfe+i), k = 1, . . . , m — 1 and on (r m , T). This unique 
solution (the local extremum of X 7,1 ') exists if and only if [i a ^ and — > 0, and is located at 



*J(7) 



1 

1 



In ( 1 + 7c 



Jk 

Ma 



fe-1 



-7(i"fc-Tj) 



-In ( 7 % 

7 V Ma' 



1 ^ k < m. 



Moreover, we can choose 7 m big enough such that for 7 > 7 TO we have Tfc < tf < + «o for all /c = 1, 
Furthermore we choose 7 m big enough such that for 7 > 7 m 



max 
*e[T fc +ft .Tfc+i] 



eft 



A t _ Ma 



<^ k 
< 4 , ft 



,m — 1, 



and 



max 
te[r m +K ,T] 



A t _ Ma 



Additionally for fi a ¥= we can assume that for 7 S= 7„ 



max 



t/77 



(3.42) 



. . , m. 



(3.43) 



< 2|/i|„ if — > 0. 

Ma 



ii 2|Mo| if — >0, k = 1, . . . ,m — 1, and max 

Ma te[t^,T] 

(3.44) 

Overall, for 7 5= 7™ and for uj e n C m the paths of X 7 ' T ' have the following structure: they are continuous 
on [0, T], smooth on (rfc, Tfc+i), fc = 0, . . . , m, and (r m , T) and may have extrema either at arrival times Tfc, 
fc = 1, . . . , m, or at time instants ij£ given by Q3.42p provided jf- > 0. The slope of X 7,,? is close to \x a on 
the left-hand- neighborhoods of the arrival times fc = 1, . . . , m, and T . The derivative of X 7 ''' is bounded 
by a constant, say 2|/i Q |, in the right-hand-neighborhoods of the local extrema t\. Let 7* := V/m=i 7™- 



Step 3. Estimate of the oscillation function M 

Let <5 e (0, k A 8(1^1+1) )' 7^7* anc ^ w 6 n for some m = 0, . . . , m*. 

We estimate the value of the oscillation function M = M{X^ n , X]' v , X£ n ) for < h < t < t 2 < T and 
t2—t\ ^ 5 ^ 5q. Let us consider three cases. 

1. If the path of t >-* X^' ti (oj) is monotone on [ti,^] then M = 0. 

2. Let Tfc e £2] for some fc = 1, . . . , m, and let Tfc be a local extremum. In this case the maximal value 
of M over t e [ii, £2] can be attained if and only if the middle point t coinsides with Tfe. In this case, 

M < min{|X 7 ;" - X™\, |X™ X™\) < |X 7 :" - X™| < |X™ - X?>\\ (3.45) 

Then due to $£Z5§ 

A . A 

(3.46) 



M< (>a| + J^O < J- 

3. Let t 1— » X 7 ' I? be nonmonotone in [£1,^2] and a local extremum t* exist and belong to [ti,f2] for some 
k = 1, . . . , m. Then we estimate with the help of (|3.44|) that 



M < min{|X™ - X™|, \X™ X™\) < |X™ - X™| < |X™ - X™ J 



*S 2|/i„|(Jo < 



(3.47) 



Overall, these estimates mean, that for all < S <5o and 7 > 7 s1 



sup M(IJ",^,I/;V7 

t 2 -tis=5 



which implies the statement of the lemma: 



(3.48) 



sup M(XZ Z , X?> z , XI?) > A) < P 

t 2 — *l sS<5 



sup M(X™, X?<\ X%>) > - + P(S e c ) 



< P( _ sup _ M(XZ",X™,X™) > -,E„ nC)+ P(^) + P(C C ) + P(£ e c ) (3.49) 



< 4 + 4 + 3 < 
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Proof: (Theorem 13.11) For simplicity we set A = 1. We decompose the Levy process L into the sum of 
a Brownian motion aB and an independent jump process with drift Z . Due to the linearity, the integrated 
Ornstein-Uhlenbeck process X 1 is also decomposed into the sum of two independent processes X 1 = X 1,B + 
X~*- z . The Proposition O implies that X^- B converges to aB in probability in the uniform metric djj (see 
(|2.15p with 7 = -i?), and consequently in cZmi- The process X 1,z converges to Z in -metric due to the 
Propositions 13.11 and 13.21 Since aB and Z has no common discontinuities, the sum X 1 = X 1 ' 3 + X 1 - 2 also 
converges in dMj-metric to L = eri? + Z due to Corollary 12.7.1 in [35]. ■ 

Proof: (Theorem 12. 1[) Consider the equations (|2.6[) and (|2.7I) with zero initial conditions driven by an 
a-stable Levy process V- a >, a e (0,2). Applying the time change t i— » and using the self-similarity of 

a namely that Law(e _1/ ' a /|" £ ' ) Q , t > 0) = Law(4 ^ 5= 0), wc obtain that for any e > the law of 
the processes (u|/ eO )t>0 an d (xf, £a ,)t>o coinsides with the law of the processes V 1 and X 1 which solve the 

stochastic differential equations (|3.2[) and p.3[) with 7 = ^ and a Levy process L with Law(L) = Law(Z( a )). 
Then the statement of Theorem 12.11 follows from Theorem 13.11 ■ 

Let us discuss the weak convergence of integrated OU processes driven by an a-stable Levy process of 
small intensity for arbitrary initial conditions. 

We start with the generalization of the Theorem 13.11 Consider the system of stochastic differential 
equations driven by an arbitrary Levy process L 



V 7 = vo — 7 A V s ds + L t 



f 

Jo 



(3.50) 



xt = x + 7 r v s ds, 

JO 

7 being a big parameter 7, and the initial conditions Vo, xo being arbitrary. The explicit solutions are given 
by the formulae 

V? = v e-< At + 1 f e -T A ('- s > dL s (3.51) 
A Jo 



and 

AX] = Ax + v {l - e-~« At ) + J (l - e-^C*— >) dL s . (3.52) 

It follows immediately from Theorem 13.1 1 that for xq e R and vq = the processes (A(X] — xo))t^o converge 
in probability to L in D([0,ao),M.;d,M 1 )- 

The situation becomes a little more complicated for vq ¥= 0. The continuous second summand on the 
right-hand-side of p.52j) does not converge uniformly on the intervals [0,T], T > 0, yet has a discontinuous 
pointwise limit 

v {l-e-i At ) —ttolp.oojM, *>0. (3.53) 

Thus for vq ¥= the limiting process (L t — voI{o}M)*3:0 is discontinuous in probability at the origin and the 
convergence in probability of finite dimensional distributions of the process A{X 1 — xq) — vq to those of L 
holds only on the set (0,oo). The Mi-convergence to L still holds on all intervals [S, T], < 5 < T, and we 
obtain the following result: For arbitrary xq,vq e R 

(A(X? - x ) - v ) t> o 5. L in D((0, oo),R; d Ml ) as 7 - 00. (3.54) 

Consequenly the Theorem 12.11 takes the following form. Let be an a-stable Levy process and let x e be 
the integrated OU process satisfying equations (|2.6j) and (|2.7[) with arbitrary initial conditions xq, vq e R. 
Then 

(A(a; £ ( -x )-v ) ^l {a) in D((0,oo),R;d Ml ) as e 0. (3.55) 

Finally we direct the reader's attention to Section 13.6.2 in Whitt [35] and Puhalskii and Whitt [26] for 
more information on the treatment of discontinuities of the stochastic processes at the origin, especially on 
the so-called M[ -convergence . 
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